In this paper, finite element plastic analyses of reinforced concrete (RC) beams strengthened by carbon fibre reinforced polymers (CFRP) were performed considering flexural capacity. Three-dimensional finite element analyses (FEA) of beams with different geometrical and material properties, which are available in the literature, were conducted. The properties of the beams in the nonlinear finite element model are the same as those of the actual beams. Observing that the experimental and numerical load-deflection curves are consistent, the strains in the CFRP obtained through FEA were compared with the predictions by ACI 440 [1] . It is observed that the results of FEA agree with the strains predicted using the ACI 440 equation.
Introduction
Reinforced concrete (RC) structural elements may need structural strengthening for several reasons, such as design and implementation errors, time-dependent degradations, change of intended use and modifications in structural codes. In last three decades, structural retrofitting using fibre reinforced polymers (FRP) has increased [2] [3] [4] [5] [6] , because of their advantages such as high strength and durability, being a noncorrosive material, easy application and negligible increase in crosssectional dimensions and weight of structural members. An increase by 10% to 160% in the flexural strength of RC beams is observed by attaching FRP laminates, oriented along the length of the beam, to the tension face of the beam [7] [8] [9] . However, an increase up to 40% is acceptable considering strengthening limitations, ductility and serviceability limitations [1] .
In this study, finite element plastic analyses of RC beams strengthened by CFRP were performed considering flexural capacity. The finite element plastic analyses of a number of RC beams with different geometrical and material properties, which are available in the literature, were conducted. Finite element analyses (FEA) using the ANSYS 11.0 [10] were performed to determine the flexural strength of strengthened RC beams with CFRP, which a perfect bond between concrete and reinforcement, and concrete and CFRP is assumed. Observing that the experimental and numerical load-deflection curves are consistent [11] , the strains in the CFRP obtained through FEA were compared with the predictions by ACI 440 [1] . It is observed that the results of FEA agree with the strains predicted using the ACI 440 equation. 
in which c f is concrete compressive strength, n is number of FRP layers, and f t is FRP layer thickness. According to ACI 440 [1] , when calculating the strains in the FRP sheets, the initial strain in the concrete system has to be considered. The initial strains are a result of the self-weight of the system and any pre-stressing forces that may be present. These initial strains must be excluded from the strain calculated for the strains in the FRP. An elastic analysis based on cracked section properties should be used to find the initial strains in the system. The initial strain in the concrete is defined as:
in which DL M is the dead load moment, f d is effective depth of FRP, d is distance from extreme compression fibre to center of tensile reinforcement, k is the ratio of depth of neutral axis to reinforcement depth measured from extreme compression fibre, cr I is the cracked moment of inertia transformed to concrete, and c E is the modulus of elasticity of concrete.
The strain developed in the FRP, at the point when concrete crushes, the FRP ruptures, or the FRP debonds, determines the maximum strain that can be obtained in the FRP sheets. The effective strain level in the FRP at the ultimate state is defined as
in which cu ε is the maximum usable strain of concrete and c is the neutral axis depth. Once the strain is calculated, it can be used to calculate the stress level in the FRP by using the following equation:
in which f E is the modulus of the FRP.
The initial strain in the steel and strain in the concrete compression is defined as
The stress in the steel can be calculated after the strain in the steel is calculated as:
in which s E and y f are the modulus of elasticity and yield strength of the steel. The neutral axis depth can be found as:
in which s A is the area of the steel reinforcement, f A is the area of the FRP, 1 β and 1
α is the parameter of stress block depth, f ψ is FRP strength reduction factor, and b is width of a rectangular cross-section. 
in which co ε is strain of concrete at the peak stress and can be calculated as
The following equation can be used to calculate the ultimate flexural strength of the FRP strengthened RC system:
in which f ψ is FRP strength reduction factor and h is height of the beam. Once the ultimate flexural strength of the beam is calculated, the ultimate load can be found by setting the ultimate moment equal to the maximum moment of the section and solving for the ultimate load.
Finite Element Modelling of RC Beams
Several studies have been performed numerically and experimentally during the last three decades in the field of strengthened RC beams in order to explain the stress distributions and failure modes [13] . Numerical investigations within the scope of this study were carried out using the finite element software ANSYS v11.0. Reinforcements and CFRP were modeled discretely using Link8 and Solid46 elements, respectively. Solid45 elements were used at the supports and at the loading regions to prevent stress concentrations. The concrete were modelled using Solid65 eight-node brick element, which is capable of simulating the cracking and crushing behavior of brittle materials. The Solid65 element requires linear isotropic and multiaxial isotropic material properties to model the concrete properly. The complete stress-strain curve model proposed by Mander et al. [14] was used. A full bond is assumed between concrete and reinforcement, and concrete and CFRP. A load-controlled analysis was performed by increasing the load at the tip of the beams incrementally. Only the half of the beam was modelled due to the symmetry of the loading and geometry. The analysis was carried out using the [17] beams were tested in four-point bending with the span of 2900 mm and the shear span of 991 mm (Fig. 1, Table 2 ). The longitudinal steel Pham and Al-Mahaidi's [18] beams were tested in four-point bending with the span of 2300 mm and the shear span of 700 mm (Fig. 1, Table 2 ). The longitudinal steel reinforcement consists of 10 mm and 12 mm diameter rebars having a yielding strength of 334 and 504 MPa, respectively. The S group beam was retrofitted with 2 layers of CFRP. The concrete compressive strength for S0 beam is 47.7 MPa and S1-3 beams are 53.7 MPa, respectively. The beams are 140 / 260 mm in cross section, having a nominal tension steel depth of 220 mm. The CFRP fabric widths are 100 mm. The load versus deflection curves obtained through FEA are plotted in Fig. 2 , together with the experimental results. It is observed that there is a good agreement with the numerical and experimental results. Comparing the ultimate load capacity, the FEA results of strengthened beams was found to be 1.00~1.21 times the corresponding experimental results, where the MV is 1.08. As the distance from the end of CFRP to the nearest support decreases, the load-carrying capacity increases. Similarly, mid-span deflection increases with the distance from the end of CFRP to the nearest support (B1, B2, B3-4 beams).
Series
It can be said that load-deflection curves obtained experimentally and numerically are in good agreement up to the formation of first crack, but the ones obtained numerically exhibit a more rigid behaviour in the region enclosed by the formation of first crack and the yielding of tensile reinforcement. It is concluded that this rigid behaviour is a result of the perfect bond assumption between concrete and steel bars and concrete and CFRP. 
Comparison of CFRP Strains
The strains in the CFRP obtained through FEA and the ACI 440 predictions are tabulated in Table 3 . The MV of the strains in the CFRP obtained through FEA to the ACI 440 predictions and the SD are 1.11 and 0.18, respectively. It is observed that the results of FEA agree with the strains predicted using the ACI 440 equations. For B series beams, the effects of number of plies and distance from the end of CFRP to the nearest support on the strains in the CFRP and the load-capacity of the beam were compared. It is observed that increasing the distance from the end of CFRP to the nearest support from 2134 mm (B1 beam) to 2286 mm (B2 beam) and 2744 mm (B3-4 beams) increases the ultimate strain by 16% and 52%, respectively (Table 4) .
It is found that the strain in the CFRP of B5 beam consisted of 2Φ16 tensile reinforcement (0.00521) is greater than that of B6 beam consisted of 3Φ16 tensile reinforcement (0.00431). Since ACI 440 equations do not consider tensile reinforcement, the same value (0.00469) is predicted for both beams using ACI 440 equations (Table 4) . Table 4 : CFRP maximum strains.
Conclusions
On the basis of results obtained in this study, the following conclusions are drawn: As the tensile reinforcement ratio increases, the strain in the CFRP decreases. Since ACI 440 equations do not consider tensile reinforcement, the same value is predicted for the beams with different tensile reinforcement ratios using the ACI 440 equations. It can be suggested that tensile reinforcement ratio should be considered in the calculation of the ultimate strains in FRP according to ACI 440.
As the distance from the end of CFRP to the nearest support decreases, the loadcarrying capacity increases. Similarly, mid-span deflection increases with the distance from the end of CFRP to the nearest support (B1, B2, B3-4 beams).
It can be observed from the load-deflection curves that the load-carrying capacity increases with the number of plies. However, increasing the number of plies decreases the mid-span deflection. Therefore, it can be stated that the ultimate flexural strength of an RC beam strengthened by CFRP is directly proportional with the number of plies, while the ductility of the beam is inversely proportional with the number of plies.
